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1 Introduction

Let us consider the nonlinear least squares problem [2]:
1
min = (F(z) + G(x))" (F(2) + G(x)), (1)

where the residual function F'+ G is defined on IR™ with its values on IR™
and it is nonlinear by z; F' is a continuously differentiable function; G is a
continuous function, differentiability of which in general is not required.
We propose a two-step iterative method, for solving the problem (1),
which considers the decomposition of the nonlinear operator, as follows

{ Try1 = Tp — [Af A VAL (F () + Gla), 2)
Ynr1 = Thy1 — [AL AR TTAL (F(241) + G(opga)), k=0,1,...,

where Ay = F'((zr + yr)/2) + G(xk, yr); F'(zk) is a Fréchet derivative of
F(x); G(xg, yx) is the divided difference of the first-order of the function
G(z) at points zx, yg; To, Yo are given starting points. In case of m = n,
the problem (1) converges to solving a system of n nonlinear equations
with n unknown and the method (2) to the two-step method [4]. In case
when G(z) = 0, we obtain the two-step modification of the Gauss-Newton
method [1]; when F(z) = 0, we obtain the two-step method with divided
differences [3].

We investigate the convergence of this method under the classical
Lipschitz condition for the first- and second-order derivatives of the di-
fferentiable part and for the first-order divided differences of the non-
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differentiable part of the decomposition. The convergence order as well
as the convergence radius of the method are studied and the uniqueness
ball of the solution of the nonlinear least squares problem is examined.

2 Convergence analysis of the method (2)

Theorem 1. Let F+G : IR" — IR™, m > n, be continuous, where F' is a
twice Fréchet differentiable operator and G is a continuous operator on a
subset D C IR™. Assume that the problem (1) has a solution x, € D and
an operator F'(x.)+G(xy, x.) has full rank. Suppose that Fréchet derivati-
ves F'(x) and F"(x) salisfy the Lipschitz conditions on
B(z.,r)={z € D : |z -z <R}

|F' () = F'()|l < Lllz =yl (3)
1F"(x) = F" (Il < Nz =yl

and the function G has the first-order divided difference G(x,y) and
1G(z,y) = G(u,v)[| < M([lz — ul| + [ly —vl]) (4)

or all x,y,u,v € D; L, N, and M are non-negative numbers.
Y g
Also, the radius v > 0 is a root of the equation

BNp® + 1208Tp + 48v2a8°T — 24 = 0,

where 2\/§aﬁ2T < 1.

Then, for all xo,yo € B(x., 1) the sequences {xy} and {yy }, which are
generated by the method (2), are well defined, remain in B(x.,7) for all
k >0, and converge to x, such that

plTi) < %((N/ 24)p(a)® + Tp(ar) plye) + V2aBT ),
p(Yry1) < %QTTR((N/M)/)(M)S + T(p(zpsr) + p(x1) + plyr)) X
X p(Tp41) + \/i(lﬁTTk)7
repr = max{p(ii), pyer1)} < qre <o < @M,
where
0<q = B((N/24)p(x0)? + T(21p(_x(/)8) T+T Op(yo)) +v/2a 8T /7o) .

2



pa) = llz —zll, 7 = llee — zufl + llyn — @l 7o = max{p(wo), p(yo)},
2 = (z +w)/2, 0 = [[F(z,) + G, 8 = [[(ATA)T ALY,

Ay =Flx,) + Gy, 2,), T = , BTy < 1.

Convergence order of the iterative method (2) in case of zero residual
is equal to 1+ V2.

Theorem 2. Suppose x,. satisfies (1) and F(x) has a continuous
derivative F'(x) and G(x) has a divided difference G(z,y) in B(x.,r).
Moreover, F'(x,) + G(x.,x.) has full rank; F'(x) satisfies the Lipschitz
condition as in (3); the divided difference G(x,y) satisfies the Lipschitz
condition as in (4). Let v > 0 satisfies B(Lr/2+ M)+ afBo(L+2M) < 1,
where By = ||(F'(z+) + G(2s, 7)) (F'(24) + G(24,74))||. Then, z. is a
unique solution of the problem (1) in B(x., 7).

3 Numerical experiments

We carried out a set experiments on test problems and compared the
number of iterations under which the two-step Secant method

{ Tprr = o — [H (g, yo) T H (wp, o)) H (o, i) T H (1),
Ykt = Tpr1 — [H (@, yp) T H (2, y)| ™ H (2, 90) " H(2411), k=0, 17(- S
d
and the method (2) converge to the solution; H(z) = F(x) + G(z). We
used the same initial points for all methods and the following stopping
criteria: ||zg1 — zxl| < e.
Let us denote h(z) = (H(z))T H(z). Below we list several examples.
Example 1. n =3, m = 15;

_ao(ti—3)?

Hi(xy1, 22, 23) = 10 2 —yi + (yi — 1)|o] — 23 + tiwsazs + 1,
ti=4—1i/2,i=T1,m,

y = (0.0009, 0.0044, 0.0175, 0.0540, 0.1295, 0.2420, 0.3521, 0.3989,
0.3521, 0.2420, 0.1295, 0.0540, 0.0175, 0.0044, 0.0009),

z, =(1,0,1), h(z,) =0.
Example 2. n =2, m =8§;

77/:17m’

t; )72
Hi(x,29) =1— e_(a) -y + 0.01t,~|ﬂ — X
L2
t=(0.1,0.5,0.7,1.0,1.2,1.7,2.2, 4.5),
y = (0.005,0.1175,0.2173,0.3939, 0.5132,0.7643,0.9111, 0.99961),
x, & (1.439857, 1.962064), h(z,) = 0.001082.



In Table 1 we present the amount of iterations spent by each method

to compute an approximation to the solution of both examples with the
accuracy of ¢ = 1077, The additional initial point 7, we calculated by
setting yo to zo + 0.0001. Since methods (2) and (5) for problems with
zero residual have convergence order 1+\/§, we obtain the same number of
iterations for them. However, the method (2) has advantages for problems
with nonzero residual.

Table 1: Number of iterations for solving Examples 1-2.

Example The initial Combined Secant
approximation z, | method (2) | method (5)

(0.7, 0.01, 0.7) 1 1

1 (0.6, -0.1, 1.4) 7 8

(1.4, -0.1, 0.6) 6 6

(14, 2) 7 10

2 (2, 1.3) 33 13

(11, 22) 11 34
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